AN ALEXANDROV-FENCHEL-TYPE INEQUALITY IN HYPERBOLIC 
SPACE WITH AN APPLICATION TO A PENROSE INEQUALITY 



Of 
C/3 



LEVI LOPES DE LIMA AND FREDERICO GIRAO 



Abstract. We use the inverse mean curvature flow to prove a sharp Alexandrov- 
Fenchel-type inequality for star-shaped, strictly mean convex hypersurfaces in hy- 
perbolic n-space, n > 3. As an application we establish, in any dimension, an 
optimal Penrose inequality for asymptotically hyperbolic graphs carrying a min- 
imal horizon, with the equality occurring if and only if the graph is an anti-de 
Sitter-Schwarzschild solution. This sharpens previous results by Dahl-Gicquaud- 
Sakovich and settles, for this class of initial data sets, the conjectured Penrose in- 
equality for time-symmetric space-times with negative cosmological constant. 



1. Introduction and statements of the results 

If £ C R" is a convex hypersurface then the Alexandrov-Fenchel inequalities 
say that 

(1.1) f <Tk(K)dZ > C n , k (Y<7fc_l(/<)dS 

where a k (k), 1 < k < n — 1, is the k th elementary symmetric function of the princi- 
pal curvature vector k = (k\, ■ ■ ■ , K n -i) of £ and C n> k > is a universal constant. 
Moreover, the equality holds in ( (1.11 if and only if £ is a round sphere. Classi- 
cally i ll. Hi follows from the general theory of mixed volumes, so that convexity 
is used in an essential way; see [SJ. Recently however, Guan and Li BGLI used a 
suitable normalization of a certain inverse curvature flow to extend the validity 
of (l.lt . with the corresponding rigidity statement, for any £ which is star-shaped 
and fc-convex (which means that <7;(k) > for i = 1, ■ ■ ■ ,k). 

An interesting question is to establish versions of these inequalities for appro- 
priate classes of hypersurfaces in more general ambient manifolds, preferably with 
a corresponding rigidity statement for the case of equality. Here we focus on the 
case k = 1 of ( (1.1b , namely, 

(1.2) c„ f HdT, > ~ ' A 



2 \UJ n -l, 

where A is the area, H = o\ (k) is the mean curvature, 

1 



2(n - lV„_i ' 

and is the area of the unit sphere § n_1 c R n . We take a first step toward 
solving this problem by establishing a natural analogue of \1.2\ for star-shaped, 
strictly mean convex hypersurfaces in hyperbolic n-space, n > 3; see Theorem ll.il 
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The proof is partly inspired by [GL] and uses the inverse mean curvature flow 
recently studied by Gerhardt [G2] and Ding [DJ. Also, a Heintze-Karcher-type 
inequality due to Brendle [B] plays a crucial role in our argument. We note that 
Gallego and Solanes [GSJ proved related isoperimetric inequalities using integral- 
geometric methods, but their results do not seem to be sharp. 

The inequality (|1.2[l has recently become relevant in the context of the Penrose 
inequality for asymptotically flat graphs carrying a minimal horizon [LJ [dLGlJ 
and for asymptotically hyperbolic graphs carrying a constant mean curvature hori- 
zon BdLG2l . As an application of Theorem 11.11 we establish an optimal Penrose 
inequality for asymptotically hyperbolic graphs carrying a minimal horizon, in- 
cluding the rigidity statement according to which the equality holds only if (M, g) 
is the graph realization of the anti-de Sitter-Schwarzschild solution; see Theorem 
11.21 This Penrose inequality improves recent results by Dahl-Gicquaud-Sakovich 
| DGS | and settles, for this class of initial data sets, the conjectured Penrose inequal- 
ity for time-symmetric space-times with negative cosmological constant [BC [ [Ma | . 
We remark that the proof of the rigidity is based on a recent preprint by Huang and 
Wu |HWT|; see also (dLG3). 

To explain our results, let us consider the hyperbolic n-space H" with coordi- 
nates (r, 9) £ R + x § n_1 and endowed with the metric 

(1.3) go = dr 2 + sinh 2 r h, 

where r is the geodesic distance to a chosen origin corresponding to r = and h is 
the round metric on §" _1 . We say that a closed, embedded hypersurface £ C H" 
is star-shaped if it can be written as a radial graph over a geodesic sphere centered 
at the origin. Also, it is strictly mean convex if its mean curvature H is positive 
everywhere. We also consider p : H" — > K, 

(1.4) p(r) — coshr. 

With this notation at hand we can state the hyperbolic Alexandrov-Fenchel-type 
inequality. 

Theorem 1.1. IfT,c H™ is a star-shaped and strictly mean convex hypersurface then 

where A is the area o/S. Moreover, the equality holds if and only ifT, is a geodesic sphere 
centered at the origin. 

We now explain the relevance of this result for a certain Penrose inequality. 
Recall that a Riemannian manifold (M n , g) is said to be asymptotically hyperbolic if 
there exists a compact subset K C M and a diffeomorphism ^ : M— K — > H n — K , 
where K c H n is compact, such that 

(1.6) - g \\ go = 0(e- T ''), \\D**g\\ go = 0(e~" ), 

as r — > +oo, for some r > n/2. Here, D is the covariant derivative of go. We also 
assume that the difference between scalar curvatures, namely, 

X g = R g + n(n-l), 

is integrable. For this class of manifolds it is possible to define a mass-like invari- 
ant as follows; see [CHJ, [CN], [He] and |MJ for more details. We consider the 
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space Af of functions / : H" — > R satisfying 

(1.7) # 2 / = /So- 

It turns out that Af is generated by {poiPi, ■ ■ • ,Pn}, where po = p and pt — 
(sinh r)8i, with = (0 X , • • • ,0„-i) : § n_1 -> R n being the standard embedding. 
If iff is a chart at infinity as above, we define the corresponding mass functional 
: TV -> R by 

(1.8) m*(<p) = lim c n / (y>(div so e - dtr go e) - i Dlp e+ (tr go e)d<p) (v r )dS r , 

where e = \f r *<7 — <7o and ^ r is the unit normal to a large coordinate sphere S r of 
radius r. If $ is another chart at infinity one verifies that 

(1.9) tn$(<^) = m^(ip o I -1 ), 
where I € Isom(H™) satisfies 

||$ o*- 1 -l\\ go = 0(e- Tr ), r^+oo. 

Since the action of Isom(H") on TV appearing on the right-hand side of 11.91 pre- 
serves the Lorentzian metric 

(z, w) = ZqWq - Z\W\ z n w n , 

with {p a }2=o being an orthonormal basis and p being time-like and future ori- 
ented, it follows that the real number VCi(M,g) defined up to sign by 

(1.10) m (M, s ) = |(m*,m*)| 

does not depend on the chart * and is termed the mass of (M, g). We note that the 
causal character of is also invariant under coordinate changes at infinity, so it 
is natural to choose tti(M, ff ) > if is time-like and future directed. 

The Positive Mass Conjecture in this context asserts that if 9\ g > then 
is time-like and future-directed or vanishes, the latter occurring only if (M, g) is 
isometric to (M. n ,go). Equivalently XCi(M,g) > with equality holding only for 
hyperbolic space. This has been proved for the spin case by Chrusciel and Herzlich 
|CH|, generalizing a previous contribution by Wang [W|; see also |ACGJ for a 
similar result in low dimensions with the spin condition removed. Moreover, if 
M carries a (possibly disconneted) compact, outermost minimal boundary V (a 
horizon), then the corresponding Penrose Conjecture says that 



(1.11) 




with the equality holding only if (M, g) is the exterior anti-de Sitter-Schwarzschild 
solution. We refer to the surveys [BC| and [MaJ for background on this conjecture. 

Progress in establishing 01.11b has been restricted so far to the case of graphs, as 
we now pass to explain. Recall that the metric 

(1.12) g = p 2 dt 2 +g 0l feR, 

realizes H n x R as the hyperbolic (n + l)-space EP +1 . Using this model we then 
say that a complete immersed hypersurface M c H™ +1 is asymptotically hyperbolic 
if there exists a compact subset K c M such that M — K can be written as a 
vertical graph associated to a smooth function u : W 1 — Kq — > R, where K o C H n 
is compact, so that dl.6l l holds for the chart * given by \t (x, u(x j) = x, x € M — K . 
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As explained in [dLG2J, if additionally M carries a minimal horizon T then we 
may assume that m<i> is time-like and future oriented so that after composing W 
with an isometry we have 

(1.13) *ft(M lfl ) = m*(p). 

Charts with this property are called balanced. Now let M be balanced in the sense 
that nonparametric coordinates at infinity are balanced as above. Moreover, as- 
sume that r lies on a totally geodesic hypersurface P C H n+1 defined by t = to, 
to € R, and that M meets P orthogonally along T, so that T is minimal (hence, 
a horizon indeed). Under these conditions and starting from 1)1.131 it is shown in 
HdLG2H that 

(1.14) m (M ,g) = c n [ QVKgdM + c n [ pHdT, 

Jm Jt 

where 6 = (N,d/dt), with N being the unit normal to M pointing upward at 
infinity and H being the mean curvature of T c P with respect to its inward 
pointing unit normal. 

We remark that if M is a graph then l|1.14|l has been previously proved in I DGSL 
If this is the case, so that > 0, and if we assume further that d\ g > then we 
obtain from l|1.14|l that 



(1.15) m (M, g ) > Cn / pHdT 



r 



In [DGSJ this estimate is used to obtain several sub-optimal versions of (l.llfr . For 
instance, assuming that T C P = HP is ft,-convex (in the sense that all principal 
curvatures are at least 1) and encloses the origin of P, the authors show that 




sinh nn 



where n n is the radius of the largest geodesic ball centered at the origin and con- 
tained in the region enclosed by T. Notice that this only yields the conjectured 
inequality l|l.llb if T is a geodesic sphere centered at the origin. In view of The- 
orem 11.11 however, we immediately obtain the first statement in the following 
result. Recall that a hypersurface is said to be mean convex if its mean curvature is 
non-negative everywhere. 

Theorem 1.2. Let (M, g) c H™ +1 be a balanced asymptotically hyperbolic graph carry- 
ing a minimal horizon T as above. If we assume further that T c P — H™ is star-shaped 
(with respect to the origin) and mean convex then i ll. IIP holds if R g > —n(n — 1). More- 
over, the equality occurs if and only if (M, g) is the graph realization of the (exterior) 
anti-de Sitter-Schwarzchild solution (see ( I4.54P below). 

As remarked above, the rigidity statement requires a separate argument and is 
based on results in a recent preprint by Huang and Wu [HW1 J. 

Remark 1.1. After a first version of this manuscript was posted on the arXiv, there 
appeared a preprint by Brendle, Hung and Wang | BHW |, where a sharp geometric 
inequality for strictly mean convex, star-shaped hypersurf aces in the anti-de Sitter- 
Schwarzschild space is established by using similar methods. In particular, by 
sending the mass parameter to zero, they obtain an inequality in hyperbolic space, 
which happens to follow from (1.5t ; see Remark |3.2| 
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2. Geometric flows for hypersurfaces 

As mentioned above, the proof of Theorem ll . 1 l uses the inverse mean curvature 
flow recently studied by Gerhardt [G2J and Ding [DJ. As a preparation for the 
argument, let us start by considering a closed, isometrically immersed hypersur- 
face S C H" with unit normal £. We denote by g and b the metric and second 
fundamental form of S, respectively. Thus, if X and Y are vector fields tangent to 
E, 

b(X,Y) = g(aX,Y), 

where 

aX = -D x £, 

is the shape operator. As before, we denote by k = («!,••• , the principal 

curvature vector of S, so that 

(2.16) H = o-i (k) = ti g b 

is the mean curvature. It follows from the Cauchy-Schwarz inequality that 

(2.17) (n-l)\a\ 2 >H 2 , 

with the equality occurring at a given point if and only if S is umbilical there. We 
also consider the extrinsic scalar curvature of the immersion, namely, 

(2.18) K = <t 2 (k) = = \ (H 2 - \a\ 2 ) . 

Notice that these invariants are related by the Newton-MacLaurin inequality: 

77—2 

(2.19) 2K < H 2 , 

77—1 

with the equality holding at a given point only if S is umbilical there [HLPI . We 
also recall the support function 

(2.20) P=(Dp,t), 

which relates to p and H by means of the following Minkowski identity: 

(2.21) Ap = (n - l)p + Hp, 

where A = div o V is the Laplacian of g. This is a consequence of the fact that the 
vector field Dp is conformal, that is, 

(2.22) D x Dp = pX, 

for any vector field X in EP. Another useful consequence of l)2.22[l is the formula 

(2.23) div (GVp) = (n - 2)pH + 2pK, 
where 

(2.24) G = HI -a 
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is the Nezvton tensor of a; see lAdLM I for further details. 

We now consider an one-parameter family X(t, •) : E n_1 — > H", t £ [0, e), of 
closed, isometrically immersed hypersurfaces evolving according to 

(2.25) 

where £ is the unit normal to E f = X(t, •) and F is a general speed function. To 
save notation we also denote the evolving hypersurf ace simply by E whenever no 
confusion arises. The following evolution equations are well-known fZl . 

Proposition 2.1. Under the flow (12.25P zt>e /iaue: 

(1) T/ze wnzf normal evolves as 

(2.26) ^ = -VF; 

(2) The area element dE evolves as 

(2.27) ^-<2E = —FHdYi. 

at 

In particular, if A is the area of E f/zen 

(2.28) — = - / FHdZ; 



s 



(3) Tfte mean curvature evolves as 



a tt 

(2.29) „AF+(|a| 2 -(n-l))F. 

If E is star-shaped and mean convex then our conventions imply that £ is the 
inward pointing unit normal vector. Thus, in the model {\3\ , E can be graphically 
represented by means of a map of the type 

(2.30) 6 e S"" 1 i— > {u(6),9) e H", 

for some smooth function u. In particular, if 8 = (6\, ■ ■ ■ , 9 n -i) is a local coordinate 
system on § I1_1 and Ei = djddi then the tangent space to the graph is spanned by 

d 

(2.31) Zi = Ui— + Ei, Ui=Ei(u), i = 1, • • • ,n- 1, 

or 

so we can take 

1 /„ d 



(2.32) ^—(Vfcu- — ), W=y/\ + \V h u\< 



sinh r 



Also, 

(2.33) P w . 

Notice thatp < 0. 

From now on we assume that E = E t = X(t, •) is a one-parameter family of 
star-shaped, strictly mean convex hypersurfaces evolving according to l|2.25|l . This 
assumption will be justified later on for the flows we shall consider; see Proposi- 
tion |22] and Remark l2.ll 
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Proposition 2.2. Under the above conditions, the function p evolves along the flow (12.25P 
according to 

(2.34) | =P F. 

Proof. As noted above, we can graphically represent S by Il2.30|l , where u is time 
dependent, so that d2.25|l implies 

du _ F 

Since u = r along £ we have 

dp du sinhr_F 

— — = smhr— = , 

dt dt W ' 

and the result follows from l|2.33|l . □ 
The following proposition computes the variation of the curvature integral 

(2.35) 1(E) = f pHdT, 

on the left-hand side of < |1.5t . 

Proposition 2.3. Along the flow (I2.25P we have 

(2.36) ^ = 2 / pffFdE - 2 / pKFdT,. 
at Jx Jz 

Proof. Using Propositions 12.11 and 12.21 

§ - /jw,>w^ s 

= [ pHFdH + [ p (AF + (\a\ 2 - (n - 1)) F) dE - 
Js Js 

pH 2 FdJl 

= / pHFdH + / FApdYj + / p (|a| 2 - (n - 1)) FdE - 
./m is is 

and the result follows, after some cancelations, from 1 12.181 and l|2.21|l . □ 
Proposition 2.4. Along the flow (I2.25P , f/ze support function evolves according to 

(2.37) g =F/0 _ ( v P! VF). 
As a consequence, 

(2.38) ^ f pdE = n [ FpdY*. 

dt .hp Jr. 
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Proof. Using 02.201 1, 02.22)1 and 02.261 we compute: 

dp d ^ . 

= F{D i Dp^) + {Dp,D a/at C 
= Fp-{V Pl VF), 
which proves 02.37b . Now, using this and 02.27b , 

U>* - L> + IA dS 

= [ FpdH — [ (Vp,VF)cE- ( pF-ffcffi 

= / FpdE + / FApdZ- / pFHdH, 
Jt, Jt, Jy, 

so that (12381 follows from EzD l . □ 
The following proposition, proved in [BJ, plays a crucial role in our argument. 
Proposition 2.5. If £ c H" z's star-shaped and strictly mean convex then 

(2.39) (n - 1) / 4 ds > - / P dY *- 

is Js 

Moreover, the equality holds if and only if £ z's totally umbilical. 

Proof. This is a rather special case of the Heintze-Karcher-type inequality proved 
in [B|, so we merely sketch the elegant argument there. The idea is to let £ flow 
under 

(2.40) f=K, 

so we take F = p in 0Z25l l. Using <2-34b , J2.21b and <2.17b we see that, as long 

as the flow exists, 

dp 1 Op p Si? 

dttf ~ H ~di ~ H 2 dt 

= f -^(Ap+(H 2 -(--i))p) 

P 2 i ,2 



so that by ((2.27) . 



1' 



is H " u 1 j j] 



Combining this with J2.38l > we finally get 

d ( f t\ f P 
~dt 



(n - 1) y -^dE + y pdE^ < 0, 



that is, the quantity in the parenthesis is monotone non-increasing along the flow 
(|2.401 >. The next step is to investigate the asymptotic behavior of solutions of 02.40b . 
This might appear problematic at first sight but the crucial observation is that 
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9o = P 2 9a = — 72 1" tan h 2 r/i. 



(12.40b is equivalent to the standard flow by inward parallel hypersurfaces (F = 1) 
in the conf ormal metric 

dr 2 
cosh^ 

Thus, any solution becomes extinct in a certain finite time t» > so that 

lim (n - 1) / — d£ + / pdE = 0, 

as desired. In fact, an additional complication arises from the fact that the flow 
might develop singularities before the extinction time due to the appearance of 
cut points but, as explained in [ BJ, a regularization procedure can be implemented 
to take care of this. □ 

Remark 2.1. It follows from the computation above that 

8 H H 2 

> 



dt p ri—l 

which implies that strict mean convexity is preserved under 112.401 . 
From now on we specialize to the flow 

(2 41) 

K ' dt if 

so that F = —l/H. This is the famous inverse mean curvature flow , which has been 
extensively studied in a variety of contexts [Gl| |U] |HIJ |N|. Here we will make 
use of recent results by Gerhardt IG2I for evolving hypersurfaces in hyperbolic 
space, which we collect below; see also [|Dl . 

Proposition 2.6. If the initial hypersurface is star-shaped and strictly mean convex then 
the corresponding solution is defined for allt > and expands the evolving hypersurfaces 
toward infinity while maintaining star-shapedness and strictly mean convexity. More- 
over, the hypersurfaces become strictly convex exponentially fast and also more and more 
umbilical in the sense that 

(2.42) \b{ - S{\ < Ce-^ , t>0, 

that is, the principal curvatures are uniformly bounded and converge exponentially fast to 
1. In fact, the final shape of the hypersurface is spherical in the sense that a suitable nor- 
malization of the solution (by using the Poincare disk model, say) evolves the hypersurface 
to a geodesic sphere. 

Remark 2.2. Even though Gerhardt's roundness estimate 02.421 1 goes a long way 
toward describing the asymptotic behavior of solutions, for the application we 
have in mind a slight refinement is required, specially regarding the analysis of 
certain monotone quantities along the flow; see Appendix lAl 

3. The proof of TheoremI1.1I 



The proof of Theorem 11.11 involves the consideration of a series of monotone 
quantities along the solution of (|2.41|l with S as the initial hypersurface. Thus, for 
any closed Eci™ we set 

(3.43) J(S) =- j pdZ, 
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(3.44) /C(E)=o; n _i^(E)^, 
where -4(E) = A/w n _x, and 

(3.45) m = m^vm. 

To save notation, sometimes we write I{t) = I(E t ), etc. 
Proposition 3.1. On a geodesic sphere centered at the origin, 

(3.46) J = K 
and 

(3.47) £ = (n-l)w n _x. 

Proof. If the geodesic sphere has radius r then its area is A = uj ti -i sinli™ -1 r and 
its mean curvature is H = {n — 1) cothr. Also, by I l2.33t , its support function is 
p = — sinh r. The results then follow by direct computations. □ 

Remark 3.1. Clearly, (13.471 above just means that for a geodesic sphere centered 
at the origin the equality in is attained. On the other hand, we claim that the 
strict inequality holds in i 1.5) if E is a geodesic sphere not centered at the origin. 
In effect, if E c H n is any geodesic sphere of radius r then 

(»-!)(»- 2) 
2 

so that (E23) yields 

(OffdE = — / pifdE 

n - 2 ./v 



-(n- l)coth 2 r / pdE. 

is 



Furthermore, if -B is the geodesic ball bounded by E, d2.20ll , l|2.22|l and the diver- 
gence theorem imply 

f pd£ = - f Ann pdM n = -n [ pdW\ 

JT, J B J B 

so that 

[ pHdT, = n(n - 1) coth 2 r [ pdST. 

Js J B 

The claim follows easily from this. 

Proposition 3.2. If the initial hypersurface E in (I2.41P is star-shaped and strictly mean 
convex then 

(3.48, 

and 

(3.49) f = J1-jc. 

a£ n — 1 

A/so, 

(3.50) f > -^-J, 

a£ n — 1 

a?if/z i/ze equality occurring if and only if E is totally umbilical. 
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Proof. Clearly, (|3.49b follows from J3.48|) , which is a consequence of j2.28|l with 
F = -1/H. Also, (|3T50l follows immediately from <(238b and d239t . □ 

The above results can be used to prove an useful integral geometric inequality 
that might have an independent interest. 

Proposition 3.3. IfT, is star-shaped and strictly mean convex then 

(3.51) .7(E) <£(£). 

Moreover, the equality holds if and only if £ is totally umbilical. 

Proof. As usual, we let £ flow under (|2.41|l . By <|3.49b and J3.50b we get 



which by 1)3.481 yields 
Thus, for any t > 0, 
But by Proposition lA.il 



at n — 1 



dt A~ : 



^(0) < ^(t). 
lim ^-Z^(t)=o, 



which proves (|3.51b . Also, if the equality holds then it holds in d3.50b as well. □ 

We now have at our disposal all the ingredients needed to prove Theorem ll.il 
We start by noticing that, by (|236t with F = -l/H, 

so that by (|2l9) , 

dX n-2 
at n — 1 

From 1 13.491 1, after a rearrangement of terms, we get 

^ (X - (n - 1)/C) < ^— | (X - (n - 1)/C) + 2 (J - /C) , 
cir n — 1 



which by 1)3,511 yields 
In the presence of 1)3.481 1, this gives 



j(I-(»-l)K)<li(I-(n-l)C) 



so that 

£(0) > £(t), f > 0. 
But by Proposition IA.1 1 we have 

lim C(t) > (n — l)u; n _i, 

t— >+oo 

and this gives 

£(0) > (n- 
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which is just a rewriting of (|1.5|l . Moreover, if the equality holds then it also holds 
in 03.511 1, which implies that E is a geodesic sphere necessarily centered at the 
origin by Remark [37T1 This completes the proof of Theorem ll.il 

Remark 3.2. In our notation, it is proved in [ BHWJ that 

(3.52) f ( P H + (n - l)p) dE > (n - l)to^\ , 

with the equality holding if and only if E is a geodesic sphere centered at the ori- 
gin. This follows from a sharp inequality for strictly mean convex, star-shaped 
hypersurface in the anti-de Sitter-Schwarzschild space, after sending the mass pa- 
rameter to zero. We observe that Q.52II follows from Theorem ll.il if we take Propo- 
sition [33] into account. 

4. The proof of Theorem I1.2I 

We now turn to the proof of the rigidity statement in Theorem 11.21 We recall 
that the anti-de Sitter Schwarzschild solution of mass to > is given by 

dr 2 

(4-53) ffadSS = ——^ 2m~ + r h , r > r ™, 

1 + 7" r n-2 

where h is the round metric on S n ~ 1 and r m is the only positive solution of 

9 2m 
l + r- 



The metric g a dSS is asymptotically hyperbolic and a direct computation shows that 
Rg adss = —n(n— 1). Moreover, the horizon r = r m is minimal and it is easy to see 
that the equality in jl.5) holds for this example. The rigidity statement then says 
that, conversely, if the equality holds in Theor em l 1.21 then the graph M is congruent 
to the graphical realization of l|4.53t inside HP +1 for some m > 0, which in the 
model (11.121 is defined by a function u m = u m {r) satisfying u m {r m ) = and 



(4.54) (1 + 



/ du m \ 2 1 1 



\ dr 



2m 



see IPGS! for details. 

As already mentioned, rigidity follows from a rather straightforward adapta- 
tion of an argument due to Huang and Wu [HW1J, so we merely indicate how to 
put the main ideas together. First, the Alexandrov-Fenchel type inequality 1 11.51 
holds for mean convex hypersurfaces as well, since any such hypersurface can be 
arbitrarily approximated, in the C 2 topology, by strictly mean convex ones. Thus, 
if the equality holds in Theorem 11.21 then j!.14|l with 6 > implies that the graph 
(M, g) satisfies R g = —n(n — 1) everywhere. Equivalently, by Gauss equation, 

(4.55) K M = 0, 

where 

r^M „ (,.M\ \ " M ,.M 

l<i<j'<n 

is the (extrinsic) scalar curvature of M. Here, 

K M = (K^ 1 , ■ • • , K^f ) 

is the principal curvature vector of M. 
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If a M is the shape operator of M then, as usual, its Newton tensor is given by 

G M = H M I-a M , 

where H = ai(n M ) is the mean curvature; compare with J2.24II . A classical 
computation |R| [HLJ shows that i4.55|l is elliptic at the given solution precisely 
when G M is positive (or negative) definite. Notice that the eigenvalues of G M are 



and from this it is easy to check that the adSS solution J4.54| > is elliptic everywhere. 

The first main observation in [HW1J is the following elementary algebraic in- 
equality: for any i there holds 



This immediately yields the following result. 

Proposition 4.1. If a solution of ([4. 55P satisfies H M > then G M is semi-positive 
definite, that is, A, > Ofor any i. 

This means that the problem of comparing general graph solutions of (14.551 
with the model hypersurface | |4.54| | via a suitable version of the Maximum Prin- 
ciple essentially boils down to checking that any such solution satisfies H M > 0. 
This is achieved in [HW1] for asymptotically flat graphs with a minimal horizon 
in Euclidean space by first observing that, by Gauss equation, the points where 
H M = are precisely those where the shape operator vanishes. These are the so- 
called geodesic points and a well-known structure result by Sacksteder [ Sa [ provides 
a precise description of the subset M* of interior geodesic points. More precisely, 
Sacksteder 's theorem says that a given connected component of M*, say M*, al- 
ways lies on a totally geodesic hyperplane which is tangent to the graph along M' t . 
The same result holds verbatim in our case since the proof only involves the consid- 
eration of a Gauss map which is clearly available if we use the hyperboloid model 
for H n+1 ; see |HW2) for a similar argument in the spherical case. If we assume 
that H M chan ges sign then may be chosen so that it separates the sets where 
H M > and H M < 0. As in [HWIJ, Sacksteder 's result can be used to reach a con- 
tradiction if we assume that is bounded. Once we know that is necessarily 
unbounded, we can proceed as in [HW1J by examining the geometry of the level 
sets M t of the graph with respect to the t-coordinate, which are shown to be com- 
pact as one approaches infinity. For t close enough to its limiting value, which is 
finite due to the unboundedness of Ml, a geometric inequality essentially follow- 
ing from (14.561 1 implies that the mean curvature of M t (viewed as a hypersurface 
of the hyperplane at level t and computed with respect to the inward unit normal) 
is non-positive everywhere. This obviously contradicts the compactness of M t so 
that H M czannot change sign. Thus, by Proposition 14.11 M is elliptic indeed and 
the uniqueness result in Theorem 11.21 follows from a standard application of the 
Maximum Principle. We emphasize that in |HW1] an extra condition, constrain- 
ing the oscillation of the graph at infinity, is imposed in dimension n = 3 and 4 
due to the fact that, as the Schwarzschild examples show, asymptotic flatness is 
compatible with the graph being unbounded as one approaches infinity. However, 
as it is apparent from | |4.54| |, the adSS solutions are always uniformly bounded in 




(4.56) 




n 




2(n- 1) 
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a neighbourhood of infinity regardless of the dimension, so that this somewhat 
more involved case does not occur in our analysis. 

Remark 4.1. The Huang-Wu's argument sketched above can also be adapted to 
establish the corresponding rigidity result for the Penrose inequality proved in 
[dLG2J for asymptotically hyperbolic graphs in H™ +1 with a constant mean curva- 
ture horizon. 

Remark 4.2. Once ellipticity of solutions of (14.551 has been established (as in Prop- 
osition l4~TT l, we can also argue as in [dLG3J in order to reach uniqueness. The idea 
is to establish first a global rigidity result for two-ended, elliptic and embedded 
solutions of l|4.55l l with asymptotically hyperbolic ends, similarly to what has been 
done in |HL] for scalar flat hypersurfaces, by showing that any such solution is 
congruent to the double adSS solution, which is obtained from J4.54b by reflection 
across the hyperplane t = 0. The uniqueness in Theorem 11.21 then follows by 
applying this result to the complete hypersurface obtained by reflecting the graph 
across the totally geodesic hypersurface containing the horizon. As explained in 
[dLG3|, ellipticity implies that the reflected hypersurface is everywhere smooth 
and the result follows. Needless to say, the global rigidity result mentioned above 
certainly has an independent interest in itself and we hope to address this issue 
elsewhere. 

Remark 4.3. With only minor modifications in the proof, Theorem II .21 admits an 
obvious counterpart for space-like, asymptotically hyperbolic graphs carrying a 
minimal horizon inside the anti-de Sitter space (K n+1 ,g), where K" +1 = HP x R 
and 

9 = -R 2 dt 2 +g Q ; 

compare with (|1.12) l. 



Appendix A. The asymptotic behavior of monotone quantities 

In this appendix we present a proof of the following proposition, which pro- 
vides the expected limiting values for certain monotone quantities under the in- 
verse mean curvature flow. This precise asymptotics is used in the proof of Theo- 
rem [O] 

Proposition A.l. If £ t is a solution of i2.41i with E strictly mean convex and star- 
shaped then 

(A.57) lim -^-(Et) = Un-i, 

and 

(A.58) lim £(£ t ) > (n - l)u n -i- 

t— >+oo 

As already remarked, this follows from the results in [G2[ and our proof ac- 
tually relies on some estimates there; see also [BHW], where a related analysis is 
performed for the inverse mean curvature flow in the anti-de Sitter-Schwarzschild 
space. 
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We only prove (| A.58|) here, since l|A.57l l follows by a similar, and much easier, 
argument. Thus, our intention is to estimate from below the function 

_ J Et pHcE t - (n - 1K_! (A(ll t ))^ 

l-V-'t) — —2 , 

A(X t )^ 

where is a solution and A = Aju) n -\. Let us write the hypersurfaces as graphs 
of a function u = u(t, 0), 6 e S" _1 . Recall that p(u) = cosh it so that p{u) = sinhu 
and p 2 — p 2 = 1. 

From [G2J we know that, asM +oo, 



(A.59) u = — l — + 0(1) 

n — 1 

and 

(A.60) |V^| + |V 2 ,«| =0(e-^), 

where u = f{u) satisfies if = l/p. In terms of u, the first and second fundamental 
forms are given by 

9ij = P 2 [hij + ViVi) 

and 

P 



where 



w 



= vi + |v^| 2 . 



Notice also that 



.9 J = P 

where v % — h^Vj, so that the shape operator is 

4 = g lk b k] = —S]- —h lk {V h v) kjl 
J wp J wp 

where 

~ . ■ ■ ■ tfv- 1 
W = W - 

ur 

and from this we see that 

2 

(A.61) P H=(n~ l)^- 1 ^- - uT^AfcW + 0(e~^r). 

On the other hand, 
(A.62) v/dcl^ = (V 1 - 1 + O(eT^T)) %/det /i, 



so if we use dA,61l l, 
and 



P = p + 0{e 



w-^l-ilVH' + OCe - ^), 
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we obtain 

f s P HdV t = (n - 1) J P 2 p n - 2 - ^ J p 2 p n - 2 \V h vf - 

-J p^AhV + Oie^T) 

= (n - 1) / P 2 P U - 2 " ^ / P 2 P n - 2 \V h v\ 2 + 

+(n-l) J p n - 2 (V h p,V h v) h + 0(e^T), 
where integration on the right-hand side is over IS" -1 . But 

\Vhf> - P 2 ^hv\ = \pp - p 2 \\V h v\ = 0(e-&), 

so we get 

pHd* = (n - 1) J p 2 p n - 2 - ^1 f p 2 p n - 2 \V h v\ 2 + 



+(n-l) / p n |V fe «| 2 + 0(e^T) 
(n-1) / p 2 P n - 2 + ^- [ P 2 p n - 2 \V h v\ 2 +0(e^T) 



> (n-1) / p 2 p"~ 2 + 0(eT^). 
Now, from l lA.621 we also have 

A(E t ) = fp n - 1 + 0(e lJ ^ 1 ), 



where 



so if we use and the mean value theorem for integrals we end up with 

r r(r\ >> t n r f P 2 P 71 ' 2 - f P n + o(e^ ) 
lim £(E t ) > (n-lK-! b T ^ yr 

, n r fp"- 2 + o(e^) 

= (n-l)a; n _i, 

as desired. 
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